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Abstract 
For aircraft manufacturing industries, the analyses and prediction of part machining error during machining process are very 
important to control and improve part machining quality. In order to effectively control machining error, the method of integrat-
ing multivariate statistical process control (MSPC) and stream of variations (SoV) is proposed. Firstly, machining error is mod-
eled by multi-operation approaches for part machining process. SoV is adopted to establish the mathematic model of the rela-
tionship between the error of upstream operations and the error of downstream operations. Here error sources not only include 
the influence of upstream operations but also include many of other error sources. The standard model and the predicted model 
about SoV are built respectively by whether the operation is done or not to satisfy different requests during part machining proc-
ess. Secondly, the method of one-step ahead forecast error (OSFE) is used to eliminate autocorrelativity of the sample data from 
the SoV model, and the T 2 control chart in MSPC is built to realize machining error detection according to the data characteris-
tics of the above error model, which can judge whether the operation is out of control or not. If it is, then feedback is sent to the 
operations. The error model is modified by adjusting the operation out of control, and continually it is used to monitor operations. 
Finally, a machining instance containing two operations demonstrates the effectiveness of the machining error control method 
presented in this paper. 
Keywords: machining error; multivariate statistical process control; stream of variations; error modeling; one-step ahead forecast 
error; error detection 
1. Introduction1 
With the continuous development of aircraft indus-
tries, the quality requirement of aircraft products be-
comes higher. Besides many necessary advanced 
manufacturing means, advanced error monitoring 
methods and preventive measures are also very impor-
tant. In part machining process, machining error de-
cides production quality and qualified rate, which is 
one of the important factors for enterprises to succeed 
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in the fierce market competition. Therefore it is very 
critical to control machining error and discover it in 
time for improving productivity and reducing produc-
tion costs of manufacturing enterprises. 
In part machining process, machining error is the 
issue which has been concerned all the time. However, 
due to the complexity of machining error, machining 
error control is still a challenge for many manufactur-
ing enterprises. Part machining process consists of 
many operations, and machining error of each opera-
tion is composed of two parts: the first is the input 
error caused by the error sources of the present opera-
tion, which means local error, and the second is the 
propagation errors from upstream operations.  
Traditional machining error modeling methods only 
consider the error sources produced in one operation, 
ignore propagated errors from upstream operations, Open access under CC BY-NC-ND license.
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and analyze part machining quality from error mecha-
nisms by physical methods. Abdul and Chen [1] put 
forward systematic geometric error modeling which 
ignored installation error and tool error and just con-
sidered the design error of machine. Vahebi Nojedeh, 
et al. [2] presented the modification of tool path as an 
effective strategy to improve the precision, so the error 
modeling and error compensating were established just 
by tool path. Raghu and Melkote [3] analyzed the rela-
tionship between the error sources associated with 
fixture and part position error, and forecasted the final 
position and direction of workpieces. Wan, et al. [4] 
only analyzed the effect of fixture error on machining 
error with the help of machining error mechanism. 
Wang, et al. [5] presented a numberical control (NC) 
compensation approach to control the machining qual-
ity of a thin-walled workpiece. They established the 
model of milling force based on theoretical analysis 
and experiment and then applied finite element method 
(FEM) to analyze the machining deflection quantity of 
the thin-walled structure. Bi, et al. [6] developed a 
three-dimensional finite element model for the whole 
milling process of thin-walled workpiece which con-
tained the rough and finish machining processes and 
discussed the effects of the residual stress imposing, 
cutting force modeling and dynamic loading, as well as 
material removal to thin-walled workpiece. Tang and 
Liu [7] analyzed the large deformation of thin-walled 
plate, established the theoretical large deformation 
model based on the equations of von Karman and the 
boundary conditions for the cantilever plate, and cal-
culated the plate deformation in end milling process by 
using FEM software. Wan, et al. [8] presented a new 
efficient methodology to rapidly simulate the material 
removal process aiming for forming error prediction of 
thin-walled workpiece in peripheral milling process, 
and they corrected the element stiffness in terms of the 
ratio between the remaining and the nominal volume 
of each element by using the nominal value of the ra-
dial depth of cut. One of their important results is that 
the finite element remeshing is not needed. Qin, et al. [9] 
analyzed the effect of multiple clamps and their appli-
cation sequences on thin-walled workpiece deforma-
tions based on history dependency of contact forces 
depending on frictional forces between the workpiece 
and fixture and established an analytical model of 
clamping sequence, which can be realized in FEM 
software. They also presented a control method based 
on the optimization model of clamping sequence so 
that the minimum deformation of thin-walled part can 
be obtained. Based on the above-mentioned researches, 
Wan and Zhang [10] reviewed the technique research 
progress of recent advancements in milling process, 
and focused on the applications of numerical simula-
tion techniques and the finite element method in error 
prediction and error control in milling process. Du [11] 
and Zhang [12], et al. considered fixture error to model 
machining error with the idea of coordinate transfor-
mation. Because it is very difficult to build physical 
engineering error model, the applications of the above 
studies are limited.  
Some studies about multi-operation errors have been 
done as supplement and improvement of the traditional 
machining error modeling methods. The modeling 
method which considers error propagation is firstly 
applied to product assembly process. Jin and Shi [13] 
put forward the forecasting method of the error in 
multi-stage automotive body assembly process. Be-
cause of the different mechanisms of error propagation, 
this type of method cannot be applied to machining 
process. At part machining aspect, due to the complex-
ity and the coupling of machining error, many of the 
modeling methods just consider the error caused by 
one, two or three of all important error sources. Feng [14] 
and Qin [15], et al. adopted complex network to de-
scribe the relationship among the errors of machining 
process, and carried out closed-loop quality control 
and error analysis by using the new framework of 
quality control points. Liu, et al. [16] put forward 
e-quality control model based on the measuring net-
work, and analyzed the machining process quality. 
Zhou, et al. [17] adopted differential motion vector as 
state vector, and the description of multi-stage geo-
metric deviation was conducted by considering fixture 
error and benchmark error. Wang and Huang [18] used 
the concept of equivalent fixture error to establish the 
error propagation model and to analyze the errors of 
mechanical process by converting benchmark error 
and machine tool error into fixture error.  
In the aspect of process control and monitor, statis-
tical process control (SPC) [19] is the quality control 
method from the data-driven perspective [20] by statis-
tical means, and control chart [21] is one of the main 
monitoring methods. Miao [22] monitors the mean and 
variance of the small sample production process by the 
standard univariate control chart to judge whether the 
production process is controlled or not. However, tra-
ditional SPC only points at the single operating proc-
ess without taking multi-operation process into ac-
count, and the cascade effect of multi-operation proc-
ess leads to a challenging problem in statistical process 
monitoring.  
These above-mentioned studies have obtained some 
achievements, but two problems still exist. First, they 
only consider the error caused by the defects of fixture 
geometry and datum, and other main affecting factors 
on machining quality are not considered, such as the 
error caused by machining factors and so on, which 
makes the prediction model inaccurate, and further 
makes the next monitoring accuracy not high enough. 
Second, they only monitor the operation that has been 
finished without considering the forecast control, and 
they do not realize the control of the machining error 
of the operations which has not been done by fore-
casting undone operations, and moreover it is only 
afterwards control. During machining error control, 
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the method of controlling afterwards is generally used 
to analyze the error whether out of tolerance or not 
after finishing part machining, which may cause re-
work or scrap, and lead to low production efficiency 
and increase production cost of manufacturing enter-
prises. In order to reduce the loss of manufacturing 
enterprises, we should do a study on control before-
hand in machining error control process. When ma-
chining operations produce fluctuation, which cannot 
make machining error out of tolerance, monitoring 
methods are adopted and the fluctuation is detected. 
The machining operations should be stopped, and then 
analyze and adjust them to avoid machining error out 
of tolerance and the production of unqualified parts 
which are caused by continuing manufacturing at this 
fluctuation condition. In order to solve the above prob-
lems, this paper puts forward an error monitoring 
method that integrates stream of variations (SoV) and 
multivariate statistical process control (MSPC) and 
combines the engineering model and the data-driven 
approach. The integration of error forecasting model and 
MSPC can complete the prediction and monitoring of 
part machining errors and realize control beforehand. 
2. Description of the Problem  
Almost all of the parts need multi-operation ma-
chining process to complete manufacturing. Part qual-
ity is mainly decided by the error of key quality char-
acteristics (KQCs), and key control characteristics 
(KCCs) are the main error sources that affect part 
quality in the machining process. Analyzing the ma-
chining error propagation forms and the machining 
error coupling situations and establishing the corre-
sponding relationship between the error of KQCs and 
KCCs are the core and premise for controlling ma-
chining error. 
Suppose the error set of KQCs: }{ | 1, 2, ,i i s= = "P P , 
s is the number of KQCs, and the set of KCCs: 
}{ | 1, 2, ,j j c= = "u u , c is the number of KCCs, then 
the mapping relationship between them is ( )f=P u in 
part machining process. The values of P are deter-
mined by u. Whether machining error is out of toler-
ance or not can be judged by analyzing the values of P, 
and machining error can be monitored by controlling u. 
Figure 1 shows the relationship between P and u in 
part machining process. As illustrated in Fig. 1, there 
is a phenomenon that machining errors propagate from 
upstream operations to downstream ones in part ma-
chining process, and k is the operation, n is the process 
number. If one operation has been done, then P can be 
measured, and SoV standard model can be built. When 
one operation has not been processed, we can get out-
put forecast values from SoV prediction model. The 
MSPC monitoring based on the data obtained by the 
SoV method is used to judge whether the operation is 
in control or not. General error control can be done by 
monitoring the data from SoV standard model, and 
error control beforehand can be realized by monitoring 
the data from SoV prediction model. 
 
Fig. 1  Integrated framework of MSPC and SoV. 
3. Error Modeling and Control 
In part machining process, machining error is 
monitored by the data sampled from the machining 
result of each operation. The error monitor method 
proposed by this paper is divided into two parts. First, 
the values of both KQCs and KCCs are known. Sec-
ond, the values of KCCs are known and the values of 
KQCs are unknown. In the first kind of circumstance, 
SoV technology is directly used to establish an SoV 
standard model which is the function relation between 
them. In the second kind of circumstance, forecast the 
values of the KQCs by SoV technology, and then es-
tablish the relationship between them and KCCs by 
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using the SoV standard model, which transforms the 
SoV standard model into an SoV prediction model. At 
last, MSPC monitors the state values obtained from the 
two kinds of SoV models to realize error monitoring. 
3.1. Error modeling and prediction based on SoV 
Establish SoV multi-operation machining process 
according to KCCs P and KCCs u, and many kinds of 
important input error sources are introduced in the 
process to improve the accuracy of the error model, as 
shown in Fig. 2. The specific variables are defined as 
follows: 
1) The variable dk represents the datum at operation 
k. The datum error refers to the error caused by datum 
planes, which is the error that propagates from the up-
stream operation to the downstream one, and is de-
noted as kdku . 
2) The variable tk represents the tool path at opera-
tion k. The machining error refers to the error caused 
by tool path and is denoted as ktku . 
3) The variable fk represents the fixture geometric 
element at operation k. The fixture geometric error 
refers to the error caused by the fixture element wear, 
and is denoted as kfku . 
4) The variable kq represents the clamping force at 
operation k. The clamping force deformation error is 
the main statics deformation contained in this paper 
and is denoted as kqku . 
5) The variable 
, , ,k k k kd t f q
kμ represents the state vector 
of error at operation k, refers to dimension variation 
which is the deviation of the obtained values after 
machining from nominal values, and represents the 
KQCs, while the above four variables denotes the 
KCCs. 
6) The variable
kd
kP  represents the measurement 
vector of machining error, which is measured on coor-
dinate measuring machines according to datum dk at 
operation k. In this paper, measurement refers to 
on-machine measurement, and measured values obey 
multivariate normal distributions. 
7) The variable wk represents the system noise 
caused by the error sources which are not considered 
while modeling input machining error at operation k. It 
obeys the multivariate normal distribution whose mean 
is zero, and is independent of 
kd
ku ， ktku ， kfku and kqku . 
8) The variable vk represents the measurement noise at operation k, obeys the normal distribution whose 
mean is zero, and is independent of , , ,k k k kd t f qkμ ， kdku ，
kt
ku ， kfku ，and kqku . 
 
Fig. 2  SoV representation of part multi-operation machining process. 
Assuming the case of small machining errors, the 
SoV standard model based on state space contains 
twolinear equations and is shown as follows: 
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                                                      (1) 
where 1 1 1 1, , ,1 1
k k kk kd t f qd
k k
− − − −− −A μ represents the error propaga-
tion from upstream operations by the datum of dk at 
operation k，because the datum error kdku is the col-
lection of deviations of datum features that are ma-
chined at upstream operations, and 1 1 1 1, , ,1
k k kk kd t f qd
k k
− − − −−=u μ ; 
k kf f
k kB u is the deviations caused by the variations of 
fixture geometric elements at operation k, k kt tk kB u  the 
deviations due to tool path inducing variations at op-
eration k, k kq qk kB u  the deviations due to clamping force 
inducing variations at operation k, 1 1 1 1, , ,1
k k kk kd t f qd
k k
− − − −−E μ the 
deviations of KQCs which are measured at operation k 
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by the datum of dk; 0D  expresses the initial informa-
tion set of operation quality when the parameter k is 
zero, 0m  the estimated value of operation quality at the 
condition of 0D , 0C  the variance of the mean value 
0m , which is a kind of uncertainty measurement of 
0m ; Wk and Vk are the variances of white noise w and 
v. Moreover, for both operations k and g, when k is not 
equal to g,  ,  ,  ,  , k g k g kv v w w v  and gw  are all in-
dependent. In the SoV standard model, the observation 
equation reflects the observation status of KQCs at 
operation k in part manufacturing process, and the 
state equation reflects the quality variation of part ma-
chining process at operation k; by establishing the re-
lationship between the KQCs at the present operation 
and the error sources KCCs from the upstream and 
current operations, a comprehensive error model is 
obtained. Among the error model, 1k
d
k −A , k
d
kB  and k
d
kE  
are known, and they can be determined according to 
upstream operations, input error sources and measur-
ing systems at operation k, the item of which is set to 
be 1 if any one of them happens at operation k, and 
otherwise, 0. 
When one operation is finished, then the measured 
value of the operation can be obtained, and then we 
can calculate the state values which are closer to the 
true values than the measured values. But when the 
operation has not been done, the measured values are 
unknown, and it is necessary to convert the SoV stan-
dard model into the SoV prediction model to forecast 
part machining quality.  
In order to describe the relationship between the 
KQCs and the KCCs, by using the right of the state 
equation to replace the state vector of the measurement 
equation, the following explicit expression of the SoV 
prediction model is obtained: 
, ,
, ,0 ,
( ) ( )
1 1
( ) ( ) ( )
0
1 1
k k i i k i i
k i k i
k i i k k
k i k k i
k k
d d d d d f f
k k i i k i i
i i
k k
d t t d d
k i i k k i k
i i
• •
= =
• • •
= =
= + +
+ + +
∑ ∑
∑ ∑
φ φ
φ φ μ φ
P E B u E B u
E B u E E w v
 
(2) 
where 
,
( )
k i
•φ is the state transition matrix tracing the 
datum error, fixture geometric error, tool path error and 
clamping force error from i to k−1. And 
,
( )=
k i
•φ  
1 +1
1 2
k k id d d
k k i
−
− − "A A A for i<k, and ,( )k k• = Iφ . The initial state 
vector 0μ  represents the original deviations of 
KQCs on a part that enters the first operation of ma-
chining process. These original deviations are gener-
ated by the history data from past machining proc-
esses. 
3.2. Establishing control chart of MSPC by the mo-
 del of SoV 
The traditional MSPC only points at single opera-
tion without considering the effect of error propagation 
from upstream operations, which is inconsistent with 
the actual situation of machining errors in part ma-
chining process. This paper will build MSPC by the 
SoV model, which not only considers the affection at 
the present operation, but also the error propagation 
from the upstream operation, and can provide the data 
that contains relationship between operations and pre-
diction data. MSPC is adopted to monitor the data 
which is obtained from the SoV prediction model and 
monitoring beforehand can be achieved. 
3.2.1.  Establishment of the T 2 control chart 
From the SoV standard model (1), it can be found 
that the variables ( =1, 2, , )k k n"μ are not inde-
pendent and they are auto-correlative. Therefore, the 
autocorrelativity among samples should be eliminated, 
and then the control chart can be built to monitor the 
corresponding machining process.  
It is assumed that the number of KQCs contained 
in one operation is s. These KQCs make up the qual-
ity state sets of parts, and they are monitored along 
with the change of the operation. In this way, the 
variation monitoring of the whole part machining 
process can be completed. Supposing that s factors 
obey s-dimensional Normal distribution ( , )sN μ Σ  
and its mean vector and covariance are both un-
known. The acquisition data matrix of one operation 
is shown as follows: 
T
11 21 11
T
12 22 22
T
1 2
{ , 1,2, , }k
k k ksk
k k ksk
k
k m k m ksmkm
k n= =
⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦
"
"
"
# # # #
"
P p
p p pp
p p pp
p
p p pp
 
where [ ]T1 2 ...kb k b k b ksb=p p p p ( 1, 2, , )b m= " ，m 
is the sampling number，and pksb the first u times 
sample values of the variables ps at operation k 
( =1, 2,k " , n; =1, 2,b " , m).  
For dealing with the autocorrelativity of the sample 
data from the SoV model, the method of one-step ahead 
forecast error (OSFE) [23] is adopted. According to the 
above analysis, the OSFE equation is built as follows: 
1 1 11 1
1 1 1
, , , 1/ 2
, , , , , ,
1 1
( 1) ( 1)
T T
T T
1 1 1 1 1 1
( )
( )
( )
k k kk k k k
k k k k k kk k k
k k k k k k
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k k
k k k k
d t f qd d d
kb kb k kb k
d t f q d t f qd
kb k k
q qf f t t
k k k k k k k b k b
d d
k k k k
d d d d
k k k k k k k k
u u u
− − −− −
− − −
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− −
− −
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= −
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+ + +
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= − +
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k kd d
k k k k k
−
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G A E H R
 
(3) 
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where the initial value satisfies 
1 1
T 2 T
1 1= +w wH AΣ Σ ξ ξ , 
and ξ  is the initial value vector. Note that the OS-
FEs, kdkbe , are independently and identically distributed 
(i.i.d.) as a standard normal distribution. While ob-
taining these errors, the next step is to apply MSPC to 
the sequence of kdkbe . Here the T
 2 control chart is cho-
sen as the MSPC method. 
According to the foregoing data matrix of each op-
eration and error analysis information, we can get the 
estimated values of the OSFE mean vector and the 
OSFE covariance matrix at operation k, and they are 
respectively shown as follows: 
T
1 2
k k k kd d d d
k k k ks⎡ ⎤= ⎣ ⎦"e e e e
T
1
1 ( )( )
1
m
k ki k ki k
im =
= − −− ∑S e e e e        
where 
1
1 ( 1, 2, , )
m
kl klb
b
l s
m =
= =∑ "e e and it is the 
OSFE mean of the KQCs l at the operation k. Suppose 
that kle  is a new OSFE vector, which is independent 
of ke and kS . 
Then the distribution of the statistics 2kT at opera-
tion k is shown as follows: 
2 T 1
,
( 1)( 1)( ) ( ) ~
( )k kb k k kb k s m s
s m mT F
m m s
−
−
+ −= − − −e e S e e  
  (4)  
Set the first kind of error probability to beα . Then 
the control limit of multivariate control charts is 
         ,
( 1)( 1)UCL ( )
( )k s m s
s m m F
m m s
α−+ −= −       (5) 
It can be seen from Eq. (5) that the control limit is 
affected byα . The lager the value ofα is, the larger 
the probability of the first kind of error is, and this can 
result in higher misjudgment ratio, which judges 
in-control process to be out-of-control process. On the 
contrary, the smaller the value of α  is, the smaller 
the probability of the first kind of error is, which can 
result in the larger second kind of error probability β , 
i.e., this can increase the misjudgment ratio of judging 
out-of-control process to be in-control process. There-
fore α  should be determined by product characteristics 
and cost requirements. 
When some abnormal statistics beyond the control 
limit UCLk  appear, the points out of control can be 
observed in the control chart; that means, there is an 
abnormal situation which happens at the machining 
operation k.  
3.2.2.  Performance of T 2 control chart 
The statistical performance of the above established 
T 2 control chart is evaluated in this section so that sugg- 
estions can be provided for engineering applications. 
The average run length (ARL) is the number of points 
that, on average, will be plotted on a control chart be-
fore an out of control condition is indicated (for exam-
ple a point plotting outside the control limits), and it is 
usually adopted to evaluate the performance of control 
charts, and while process is in control it is marked as 
ARL0, else ARL1.  
The numerical results here are based on observa-
tions generated from a multi-operation process in 
which the correlation among the process stages can be 
described by the above built SoV standard model (1) 
and SoV prediction model (2) with constant ma-
trixes kA , kB  and kE , and it can be seen that moni-
toring is done for each operation. The error analysis at 
the downstream operation considers the affect of the 
error propagation from the upstream one. In this sec-
tion, we fix the number of operations in the process 
n=2, the number of KQCS is 2, and ARL0=200 
( 0.005α = ). Assume that the first operation propa-
gates its whole machining error to the second one and 
the error of input sources and measuring equipments is 
not compensated, which means that the constant ma-
trixes kA , kB  and kE are identity matrixes. While 
monitoring the 2-operation process, the first operation 
should be monitored firstly, and then the second opera-
tion. When building the SoV prediction model (2), the 
first operation need not consider the upstream opera-
tion and the second one should consider the input error 
from the first one.  
For various levels of shift, δ , and different loca-
tions where the shift initially occurs, the ARL per-
formance of the T 2 control chart of the OSFE is com-
pared to that of the multivariate exponentially 
weighted moving average (MEWMA) control chart, 
and meanwhile the ARL of the OSFE and the observa-
tion sample vector p of the two control charts is also 
used to conduct comparison by Monte Carlo simula-
tion. The control limit of T 2 control chart is 10.604 4, 
and that of MEWMA is 10.08 with the weight r=0.3. 
Each simulation run includes 50 000 replications. 
While dealing with the first operation, because there 
are no upstream operations before it, this operation 
only considers the input error from fixture geometric 
elements, tool paths and clamping forces. These input 
errors have the same covariance, in =Σ  
1 0.566 2
0.566 2 1
⎡ ⎤⎢ ⎥⎣ ⎦ , and the same mean in =μ  (0,0) . 
Assume that both the covariance of the system noise 
wk and one of the measurement noise kv  
are
1 0
0 1
⎡ ⎤= ⎢ ⎥⎣ ⎦Σ , and their mean values are ( )0,0=μ  
with
1 0
0 1
⎡ ⎤= ⎢ ⎥⎣ ⎦ξ . The simulation process is shown as 
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follows:  
Step 1 The operation variation is produced by 
changing the mean of each input error.  
Step 2  According to Eqs. (1)-(2), the operation 
state value vector and the measured sample vector can 
be obtained. 
Step 3  The OSFE vector is calculated by Eq. (3). 
Step 4  The T 2 statistics and control limits of the 
OSFE vector and the measured sample vector are re-
spectively calculated by Eqs. (4)-(5), and their results 
are compared. 
Step 5  Calculate the ARL of the provided various 
conditions according to comparison results from Step 4 
by simulating 50 000 times. 
From the above five steps, the various ARL values 
at the first operation are calculated, and then the ones 
at the second operation. In order to simplify the simu-
lation process, the other parameters of the second op-
eration are set to have the same values as the first one, 
except the propagated error from the first operation. So 
while calculating the state value vector of the second 
operation, the OSFE vector of the first operation 
should be considered; then calculate the various ARL 
values by the above five steps. The comparison results 
are shown in Table 1. 
Table 1  ARL comparison for various locations of shifts in a 2-operation process
Shift δ (at the first stage) 
 Case 1   Case 2   Case 3   Case 4   Case 5  
1
1
fu  11
tu  11
qu  11
fu  11
tu  11
qu 11
fu 11
tu 11
qu 11
fu 11
tu  11
qu  11
fu  11
tu  11
qu
Parameter 
(0, 0) (0, 0) (0, 0) (0.5,−0.5) (0, 0) (0, 0) (0, 0) (1, −1) (0, 0) (0, 0) (0, 0) (1.5,1.5) (2, −2) (0.5, 2.5) (1.0,1.5)
T2 of OSFEs 201.430 7 108.265 0 86.298 6 38.072 1 6.358 9 
MEWMA of 
OSFEs 197.685 6 115.326 8 89.512 6 43.570 2 7.054 3 
T2 of p 182.326 0 129.364 2 93.045 1 47.527 3 8.526 2 
MEWMA of p 181.985 6 138.566 2 99.312 2 51.102 3 9.736 9 
Shift δ (at the second stage) 
 Case 1   Case 2   Case 3   Case 4   Case 5  
2
2
fu  22
tu   22
qu  22
fu  22
tu  22
qu 22
fu 22
tu 22
qu 22
fu 22
tu  22
qu  22
fu  22
tu  22
qu
Parameter 
(0, 0) (0, 0) (0, 0) (0.5,−0.5) (0, 0) (0, 0) 5(0, 0) (1,−1) (0, 0) (0, 0) (0, 0) (1.5,1.5) (2, −2) (0.5,2.5) (1.0,1.5)
T2 of OSFEs 195.194 9 101. 553 2 75. 559 6 35. 349 3 4. 149 7 
MEWMA of 
OSFEs 187. 850 6 109. 957 4 78. 415 1 36. 213 2 6. 078 7 
T2 of p 192.116 8 113. 645 1 86. 588 3 43. 021 5 6. 627 5 
MEWMA of p 181.985 6 124. 072 9 89. 265 6 47. 443 7 8. 854 2 
 
From Table 1, we can see that the performance of 
the proposed control chart about the OSFE vector is 
better than those about others, and it is superior to 
other methods in detecting most shifts in general. Par-
ticularly, when the mean shifts are not small ones and 
occur in each operation of the machining process, us-
ing the T 2 control chart built by the proposed method 
has obvious benefit in shortening the out-of-control 
ARL1. Because of the error propagation from upstream 
operation, the proposed control chart possesses more 
sensitivity in the downstream operations. 
4.  Case Study 
The example in the Ref. [5] is adopted to validate 
the proposed method in this paper. Due to limited 
length of the paper, here we just verify the monitoring 
method of the SoV prediction model, and the case that 
measured data is known can be dealt with similarly. 
Two continuous machining operations which are im-
plemented on a block workpiece in a machining center 
are used to illustrate the proposed method. 
 The block workpiece with the dimension 200 mm× 
95 mm×65 mm has six characteristic planes f1-f6 with 
a cutting tool speed of 100 mm/min, and the two op-
erations are both used to mill the planes. The first op-
eration is to mill the top surface f2 whose tolerance 
zone is −0.2-0.2 and the second one is to mill the side 
surface f6 whose tolerance zone is −0.1-0.3 as shown in 
Fig. 3. The “3-2-1” six-point orientation scheme is 
adopted to achieve the location of the workpiece, and 
the two-point clamping scheme is used to achieve the 
clamping of the workpiece. The location and direction 
of the two operations are shown in Fig. 3. The clamp-
ing forces are respectively 625 N and 650 N for the 
two operations. The milling force and milling torque 
are (44，17，−19) N and (0，0，2.71) N · m respectively. 
The static friction coefficient between the workpiece 
and the clamping components is 0.25. The elastic 
modulus of locators and workpiece are respectively Ew = 
70 GPa and Ef = 207 GPa, and Poisson ratio is respec-
tively υ prt = 0.334 and υ f = 0.292. In this example, 
each operation contains one feature, and each feature 
contains six KQCs which are the location vector and 
the direction vector. The characteristic standard frame 
layout and the two operations are shown in Fig. 3. The 
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nominal direction and the nominal location of the 
workpiece KQCs are shown in Table 2. The location 
and direction vectors of location pins at each operation 
are shown in Table 3. 
 
Fig. 3  Diagram of standard frame of features and the two operations.  
Table 2  Nominal direction and nominal location of 
workpiece KQCs 
Feature number Direction vector Location vector  
f1 [0 0 π/2] [90 47.5 0] 
f2 [π 0 0] [100 47.5 65] 
f3 [0 π/2 0] [0 47.5 32.5] 
f4 [0 –π/2 0] [200 47.5 32.5] 
f5 [π/2 0 0] [100 95 32.5] 
f6 [–π/2 0 0] [100 0 32.5] 
While monitoring the 2-operation process, the first 
operation is monitored firstly by the machining se-
quence and then the second operation is monitored. 
When the operations are monitored, firstly, the pro-
posed T 2 control chart is built by the data of in-control 
process. Secondly, the mean shift is introduced into the 
process and makes the process out of control. Lastly, 
the proposed T 2 control chart is used to detect whether 
the process is out of control or not. If the information 
out of control is detected, the proposed T2 control chart 
is proven to be effective. In this section, the first kind 
of error probabilityα is assumed to be 0.005.  
The error analysis at operation one is shown as fol-
lows: 
1) The error caused by the datum. 
Table 3  Location and direction vectors of location pins 
Operation 
number 
Locating pin 
number  
Feature 
number 
Location 
vector 
Direction 
vector 
1 f1 [100 85 0] [0 0 1] 
2 f 1 [180 10 0] [0 0 1] 
3 f 1 [20 10 0] [0 0 1] 
4 f 3 [0 47.5 32.5] [1 0 0] 
5 f 5 [20 95 32.5] [0 −1 0] 
6 f 5 [180 95 32.5] [0 −1 0] 
7 f 4 [200 47.5 32.5] [−1 0 0] 
1 
8 f 6 [100 0 32.5] [0 1 0] 
1 f 5 [100 55 0] [0 1 0] 
2 f 5 [180 10 0] [0 1 0] 
3 f 5 [20 10 0] [0 0 1] 
4 f 3 [0 32.5 47.5] [1 0 0] 
5 f 2 [20 65 47.5] [0 −1 0] 
6 f 2 [180 65 47.5] [0 −1 0] 
7 f 4 [200 32.5 47.5] [–1 0 0] 
2 
8 f 1 [100 0 47.5] [0 −1 0] 
The datum error is caused by the upstream operation. 
Set the datum error to be [0 0 0 0 0 0] T because there 
is no operations before the first operation. 
2) The part machining error caused by the geometric 
deviation of the fixture. 
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Simulate thirty groups of samples. The first twenty 
groups are the samples for analysis. It is assumed that 
the situation is stable, and the machining error of each 
KQC caused by the geometric deviation of the fixture 
obeys the normal distribution N (0, 0.007 52). The last 
ten groups are the samples for controlling, and the 
mean deviation 0.5 is introduced by different specifi-
cation shims to simulate fixture geometric variations. 
3) The part machining error caused by the clamping 
force. 
Simulate 30 groups of samples. The first twenty 
groups are the samples for analysis. It is assumed that 
the situation is stable, and the machining error of each 
KQC caused by the clamping force obeys the normal 
distribution N (0, 0.008 62). The last ten groups are the 
samples for controlling, and the mean deviation − 0.697 2 
is introduced to simulate clamping force variations. 
4) The error caused by tool path. Set the tool path 
error to be zero. 
5) The noise error of the measuring instrument of each 
KQC obeys the Normal distribution N (0, 0.000 252). 
The 30 groups of samples generated by the above 
five steps are substituted into Eqs. (1)-(2) to calculate 
the state values, the observation values and the pre-
dicted value. The in-control mean error obtained by the 
first twenty groups of data is [0.017 9 −0.047 6 −0.007 
2 −0.020 2 −0.029 7 −0.011 5]T, which is the location 
and orientation deviation of the actual KQCs from the 
nominal ones and is in tolerance range. The 
out-of-control predicted mean error obtained by the 
last ten groups of data is [0.103 5 −0.093 9 0.275 2 
0.003 7  0.001 5 0.000 043]T, which is closed to the 
measured data as shown in Fig. 4. The OSFEs are cal-
culated by Eq. (3). The T 2 statistics and the control 
limit of the OSFEs are respectively calculated by Eqs. 
(4)-(5).The control chart for analysis is built by the 
first twenty groups of samples which are in control as 
shown in Fig. 5. And then the control chart is built by 
monitoring the last ten groups of samples which are 
out of control and generated by bringing variation at 
the controlling stage. The monitor result at operation 
one is shown in Fig. 6. 
 
Fig. 4  Comparison diagram of measured data and predicted 
data. 
 
Fig. 5  Establishment of T 2 control chart at operation one. 
 
Fig. 6  Monitoring results adopting control chart in Fig. 5.  
The result at operation one is the input data of the 
second one. Error analysis at operation two is shown 
as follows: 
1) The error caused by the datum. Introduce the 
above result of the first operation into this operation. 
2) The part machining error caused by the geometric 
deviation of the fixture. Simulate 30 groups of samples. 
The first twenty groups are the samples for analysis. It 
is assumed that the situation is stable, and the machin-
ing error of each KQC caused by the geometric devia-
tion of the fixture obeys the normal distribution N (0, 
0.007 52). The last ten groups are the samples for con-
trolling, and the mean deviation 0.5 is introduced by 
different specification shims to simulate fixture geo-
metric variations. 
3) The part machining error caused by the clamping 
force. Simulate 30 groups of samples. The first twenty 
groups are the samples for analysis. It is assumed that the 
situation is stable, and the machining error of each KQC 
caused by the clamping force obeys the Normal distribu-
tion N（0, 0.008 62）. The last ten groups are the samples 
for controlling, and the mean deviation −0.697 2 is in-
troduced to simulate clamping force variations. 
4) The error caused by tool path. Set the tool path 
error to be zero. 
5) The noise error of measuring instrument to each 
KQC obeys the Normal distribution of N (0, 0.000 252) 
The data generated by the above five steps is substi-
tuted into Eqs. (1)-(2) to calculate the state values and 
the observation values. The OSFEs are calculated by 
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Eq. (3) and then monitored by the control chart. The T2 
statistics and the control limit of the OSFEs are re-
spectively calculated by Eqs. (4)-(5). The control chart 
for analysis is built by the first twenty groups of sam-
ples is shown in Fig. 7. And then the control chart is 
built by monitoring the last ten groups of samples 
which are generated by bringing variation at the con-
trolling stage. The monitor result at operation two is 
shown in Fig. 8. 
 
Fig. 7  Establishment of T 2 control chart at operation two. 
 
Fig. 8  Monitoring results adopting control chart in Fig. 7. 
According to the above analysis it can be seen that 
while no shifts happen, no sample points fall outside of 
the control limits of the control charts, and the moni-
toring results are shown in Fig. 5 and Fig. 7. While the 
mean shifts of the fixture geometric elements and 
clamping forces are introduced and the geometric de-
viation of the fixture and variations of clamping forces 
are generated, there are some points out of the control 
limits of the control charts, and the monitoring results 
are shown in Fig. 6 and Fig. 8. From them we can see 
that there are more out-of-control points at operation 
two than those at operation one, because the first op-
eration error is propagated to the second one and in-
creases its variations. These results prove that the for-
going input mean shifts have been detected, which 
validate the proposed method. Similar methods can be 
adopted for the measured data which is known, so this 
paper does not repeat. 
5. Conclusions 
1) In order to model and monitor the machining er-
ror in part manufacturing process, the integrated 
method of MSPC and SoV to control the machining 
error is put forward.  
2) The SoV model is adopted to model the error in 
part machining process which considers error propaga-
tion from upstream operations to downstream ones. 
The SoV standard model and prediction model are 
built, and the explicit expression of machining error 
prediction is given. Therefore we can get the predic-
tion error after determining the input error.  
3) MSPC is adopted to monitor the result of the SoV 
prediction model, which can realize the monitoring 
beforehand of machining error, reduce reworking 
times, and decrease quality loss. The method of OSFE 
is used to eliminate autocorrelativity of the sample data 
from the SoV model before MSPC.  
4) The presented method in this paper is proven to 
be effective. But it should be noted that while opera-
tions are detected to be out of control, how to trace 
error in order to determine the specific reasons of ma-
chining error and how to adjust the machining process 
to be in control need to be highly concerned, therefore 
error tracing and process adjustment are very impor-
tant in future researches. 
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